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Abstract — It is shown in this letter that in the framework of an inhomogeneous geometry and a 
massive non self-interacting scalar field with spherical symmetry, one needs a homogeneous patch 
bigger than a dizaine of horizons in order to start inflation. The results are completly independent 
of initial conditions on the spatial distribution of the scalar field. The initial condition on the metric 
parameters are also justified. This is a generalization of the results obtained in Ref. [J, showing 
that their conclusions are rather robust. 
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I. INTRODUCTION 



The inflation paradigm Q is an attempt to solve some 
of the drawbacks of the Standard Cosmological Model, 
described by the homogeneous and isotropic Friedmann- 
Lcmaitre-Robertson- Walker (FLRW) geometries, 



ds 2 



-dt 2 



1 + fr 2 



[dr 2 +r 2 (d9 2 + sm 2 (8)d<p 2 )} , (1) 



where the curvature k of the spacclikc hypersurfaces can 
take the values 0, 1,-1. 

These problems are related to the very special initial 
conditions associated with this model. The first one is 
called the flatness problem: the present energy density 
of the Universe is observed to be very close to the critical 
density, and it must have been much closer in the past, 
implying that the observed homogeneous and isotropic 
space must be almost flat. This problem comes from the 
classical equation giving the density p(t) relative to the 
critical one, p c (t) = 3H 2 (t)/ (8nG), where H = a/a is 
the Hubble expansion rate, which reads 



d\n-l\ a 
It ~ a?' 



(2) 



where Q = pj p c . As il is close to unity now, Eq. @ 
implies that it must have been arbitrarily closer to unity 
in the past in the usual Friedmann model, where one 
has a decelerated (a < 0) expansion (a > 0) since the 
initial singularity, and hence | fi — 1 1 must have been an 
ever increasing function of time. In other words, Q = 1 
is an unstable point in this model, and to have our old 
Universe still near this point implies an incredibly fine 
tuned value for around the Plank era, ft = 1 ± 10 -50 . 

The second problem is much more involved, and con- 
cerns the use of the very special homogeneous and 
isotropic geometry (fTJ) in order to describe our Universe. 
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Either one has in hands a theory of initial conditions 
(perhaps quantum cosmology) which selects this partic- 
ular geometry from the possible infinite many inhomoge- 
nous solutions of the Einstein's equations, or there was a 
physical mechanism of homogeneization and isotropiza- 
tion which has taken place in the early Universe leading 
the spacetime geometry to the form of Eq. (flj. In this 
paper, we will be concerned with the second approach. 

The first basic assumption one must take for a physical 
homogeneization and isotropization of the Universe is the 
requirement that its observed parts had some causal con- 
tact sometime in the past. However, if the Universe had 
a begining some 14 billion years ago, it can be shown 
that by the time of recombination, when the cosmic 
background radiation began to propagate independently 
from matter, one had approximately 100 regions without 
causal contact presenting the cosmic radiation already 
with the same temperature. This is the so called hori- 
zon problem. Only after taking care of this issue, one 
can begin to think about a physical mechanism of homo- 
geneization and isotropization. 

The flatness and horizon problems can be solved by in- 
flation. It consists of the idea that the early Universe ex- 
perienced a brief but violent accelerated expansion, which 
turned fi very close to one at this time (see Eq. @, and 
sufficiently enlarged a small causally connected piece of 
the Universe to its observed size. Furthermore, it induces 
a mechanism for the origin of matter fluctuations, which 
gave rise to structure formation Q. 

However, it seems that the homogeneity problem is not 
solved by inflation. In fact, there are works showing that 
in order for inflation to start in some region, one needs a 
homogeneous patch of a few horizons size at this region 
p], H| . In order to circumvent this problem, some people 
evoque the Anthropic Principle in the regions where 
inflation does not happen, it is not possible to have gal- 
laxies, stars, and hence, intelligent life. Nevertheless, if 
one wants to rely on this Principle, one could argue in 
the same way to justify the FLRW geometries (JJ) with- 
out necessity of any period of inflation: the difference 
would be the need of a much bigger homogeneous region 
containing a huge number of horizons to begin with, with 
the apropriate initial perturbations printed on it. How- 
ever, in an infinite inhomogeneous Universe, at least one 
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of such regions would exist, and the Anthropic Principle 
would select it. Without the Anthropic Principle, the role 
of inflation would then be to reduce drastically the size of 
the initial homogeneous region, increasing the number of 
possible regions which can behave like our Universe. In 
that case, one would then need a more precise knowledge 
of the possible cosmological scenarios after the Planck 
era, and a measure of such regions, which would lead us 
back to the first approach to solve the homogeneity prob- 
lem: a theory of initial conditions. In such a situation, 
inflation could alleviate but it would not solve alone this 
issue. 

The homogeneity problem in the inflationary scenario 
is usually investigated numerically 0, , but there are 
some analytical studies in the literature [IMl- One 
of them [l| , deals with an inhomogeneous geometry and 
a massive non self-interacting scalar field with spherical 
symmetry in order to derive the size of the homogeneous 
patch necessary to yield sufficient inflation, under the 
assumption of certain initial conditions for the geometry 
and scalar field. In this letter, we show that the results 
obtained in Ref. [l[ are independent of the choice of initial 
conditions for the scalar field, and we try to justify some 
of the choices related to the spacetime geometry. Hence, 
the result implying the necessity of a homogeneous patch 
bigger than a dizaine of horizons in order to start inflation 
is rather robust in this framework. 

Note that we never make any splitting of the geometry 
on a homogeneous background and small perturbations 
around it. We deal with full general relativity and all 
their non-linear equations: deviations from homogeneity 
are not considered to be small. This is because we are in- 
terested on the homogeneity problem itself, and restrict- 
ing ourselves to fluctuations on a homogeneous geometry 
is not satisfactory as one would be assuming homogene- 
ity from the beginning. The treatment of small linear 
fluctuations around inflationary models is made in many 
other papers in order to study the evolution of struc- 
tures and the back-reaction problem once inflation has 
started. Here we are interested in the more basic ques- 
tion concerning how inflation itself begins in a spherically 
symmetric inhomogeneous geometry. 

In the next section we present the model, in section 
III we discuss the initial conditions, and in section IV 
we present our results concerning inflation. We end this 
letter with conclusions and comments. 



II. THE MODEL 

The model consists of an asymptotically flat universe 
with open spatial sections and spherical symmetry. We 
write a spherically symmetric geometry in the following 
form: 

dg 2 = ^.r)^ + dr 2 + e V0j,r) r 2 dn]) (3) 

where r\ is the time coordinate, and a and P are arbitrary 
dimensionless functions of rj and r. The matter content is 



a massive scalar field minimally coupled to gravity, whose 
energy-momentum tensor is given by 

T^u = - Q + m 2 $ 2 ]. (4) 

We shall use units where 16-7T = G = 1, with r\ and 
r having dimensions of length, while m and $ have di- 
mensions of inverse length. From the expressions above, 
the Einstein's equations yield two dynamical equations 
and two constraint equations concerning the functions a 
and /?. The constraint equations are the (00) and (01) 
components of the Einstein tensor, while the dyamical 
equations involve the (11) and (22) ones. The other com- 
ponents are trivial due to the spherical symmetry of the 
model, except for the equation involving the (33) compo- 
nent, which is equal to the (22) equation. Note that the 
right-hand-side of the following equations miss a length 2 
factor due to our choice of units (G = 1). The constraint 
equations are, therefore, 

3d 2 + p 2 - 4d/3 + 2/3" - 2a" - a 12 - 3/3' 2 + 
+ 4a' P' + 6r -1 jS' - 4r~ x d - r~ 2 (l - e 2f} ) = 

= i($ 2 + $' 2 + ro V Q $ 2 ) (5) 

and 

a' -r^p- P' -aa' + pp' = (6) 

where the primes and dots denote derivatives with re- 
spect to the radial and time coordinates, respectively. 
We will use combinations of the equations involving the 
(22) and (11) components as our dynamical equations. 
The first one is the difference between the (22) and (11) 
equations, namely 

r~ 2 (l - e 213 ) + 2r"V + 2a' 2 - 2a" + 

+P + p" + 2ap - 2a! P' - 2/3 2 = i$' 2 , (7) 

while the second is the difference between twice the (22) 
equation and the (11) one: 

- 2d + 4a" -a 2 + a' 2 - 2r~ 1 /3' - W + P 2 + P' 2 + 
- r- 2 {l-e 2f} ) = i($ 2 -3$ ,2 -m 2 e 2Q $ 2 ) (8) 

To complete the set, the Klein-Gordon equation for the 
scalar field is given by 

$-$"+2(d-/3)$-2(a'-^'-r" 1 )$'+m 2 e 2Q $ = 0. (9) 

III. INITIAL CONDITIONS 

We now check if this problem is well posed [H, i.e., if 
we have a self-consistent Cauchy initial data. Among the 
most simple choices, we can set $ = and P = $ = 0. 
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Note that the time evolution given by the Einstein-Klein- 
Gordon dynamics will subsequently modify these values. 

The initial conditions j3 = $ = are in accordance with 
the Weyl curvature hypothesis [l4| , which states that the 
Universe should be initially conformally flat. This condi- 
tion relies on the assumption that the gravitational en- 
tropy should be given by the Weyl tensor, and stating 
that it was zero in the beginning should be equivalent 
to say that the Universe began in a state of minimum 
entropy, as Boltzmann conjecture in order to justify the 
arrow of time. However, up to now, this is just a specu- 
lation. 

The choice of the initial condition $ = at r/ = rfo 
relies on the fact that the kinetic term of a scalar field 
decays exponentially fast in an expanding geometrical 
patch, at least in the framework of chaotic inflation (see 
Ref. [5j, page 267, and references therein). Furthermore, 
it seems to us that considering $ ^ at rj — t/q will make 
things worst for the occurrence of inflation, as long as it 
can happen only when the kinetic term is negligible with 
respect to the potential term. Hence, the final result of 
our paper should be considered as the minimum require- 
ment for the occurrence of inflation in the framework of 
spherically symmetric general relativity under the Weyl 
curvature hypothesis. 

Concerning the initial shape of the scalar field, we will 
try do keep this as general as possible, so we can write 
the following equation for $ at time 770 



$(77o,r) = $ + /( r ), 



(10) 



where $0 stands for the homogeneous part of the infla- 
ton field and f(r) is an arbitrary function of r which is 
asymptotically null at spatial infinity. With this in hand, 
in the hypersurface 77 = i]q, equation ((5]) reduces to 



d' — da' = 0. 



(11) 



The solution of this equation is a = Ce a . It can be 
easily shown that the constant C is fixed by consistence 
requirements between the two constraint equations when 
we go far from the origin. Hence, we obtain 



1 



2\/3 



77J$0 e 



(12) 



Putting this result into equation ([3]), we get the radial 
evolution for a, 

2a" + a' 2 + 4r-V = -J[$' 2 + m 2 ($ 2 - $ 2 )e 2a \. (13) 



Near the spatial origin r — > 0, equation (|I3I) has a power 
law solution, which is 



IV. CONDITIONS FOR INFLATION 

First of all, we remind the reader that there are con- 
ditions on the value of the homogeneous field related to 
the observations Q. The fluctuations on the cosmic mi- 
crowave background puts a limit on $ 0; which in our 
units is m<i>Q < I0~ 4 x 8\/3. On the other hand, the 
requirement of 70 e-folds of suficient inflation sets a min- 
imum value to the scalar field, namely $0 > \/561. Now 
we move to the conditions of our model. 

From equation ([7]). dropping the (3 and /3 terms ac- 
cording to our choice of initial conditions, we get, near 
the origin, 



P = -$' 2 

H 2 



-f 2 



(15) 



and from this expression we can say that /3 will be small 
for physical times around 



(16) 



The first condition for inflation is that /3 remains small 
during one e-fold, i.e., rp > H^ 1 . Once inflation has 
started, any anisotropy will decay according to the "no- 
hair" conjecture, so j3 will remain small for the rest of 
the process. We will see in the following lines that this 
condition is less restrictive than the others related to the 
function a of the metric. 

From the evolution equation ([SJ we have 



2d - 4a" + d 2 



a' 2 = i(3$ ,2 + m 2 e 2a $ 2 ). (17) 



Using the radial solution (|14|) for a, we get the dynamical 
equation 



-4d 2 = 3/' 2 + 16a" + 
+ ro 2 ($ /+/ 2 )e 



2ft 



(18) 



because, according to this solution, the term a' 2 drops 
off when we are near the origin. The last term on the 
r.h.s. is the potential of the homogeneous field. In equa- 
tion (|18|) . we require that the potential dominates the 
dynamics over the inhomogeneities given by a and /. 
This requirement leads us to the relations near the origin 



and 
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> 



*o > \/*o/ + / 2 
V3 



(19) 
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m 2 $oe 2fi /+i(/-' + / 2 ) 



(14) 



where the bars above / and a denote the values of these 
functions at r = 0. Those are the expressions that we 
will use from now on. It can be shown [l[ that equation 
(1131) has an exact solution, and hence the Cauchy initial 
data is self-consistent. 



Reminding the reader that, near the origin, these condi- 
tions involve only constants. Defining the inhomogeneity 
physical scale as T> ~ \$>o/Q'\e a , we get, from the last in- 
equality above, remembering that $' = /', that the size 
of the initial inhomogeneity must be 



V > 



V3 



m 



(20) 
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The mass of the field is related to the horizon scale 
during inflation through the Friedmann equation 
for inflationary expansion 



H 2 = ^o) -> - 
D m 



1 



(21) 



Having fulfilled every requirement listed above, we are 
now able to conclude that, from the conditions for suffi- 
cient inflation and from the equations (|2"0)) and (|21[) . the 
initial perturbation must be larger than a few horizons, 
or more specifically 



V > ll,83iT 



(22) 



We recall here that this result is independent of the 
initial shape of the inhomogeneous inflaton field. The 
only requirements for this result are the initial conditions 
<f> = /3 = /3 = Oat the hypersurface t/q. The condition 
for j3 is consequently satisfied as, from the definition of 
V and ([15]), 



V 

which gives us Tp > 3, 54i? _1 . 



(23) 



without any assumption about the inital spatial configu- 
ration of the scalar field, except for the fact that it should 
be null at spatial infinity, and hence it is a generalization 
of the results obtained in Ref. [l[ , where it was assumed a 
particular initial exponential spatial distribution for the 
scalar field. We had also pointed out that the initial ge- 
ometric configuration may have a physical justification 
as long as it satisfies the Weyl curvature hypothesis 14) , 



CONCLUSION 



and that the kinetic term of the scalar field should be neg- 
ligible at the initial hypersurface. Hence, the necessary 
conditions for the occurrence of inflation in a spherically 
symmetric geometry with a massive free scalar field un- 
der the Weyl curvature hypothesis are that there should 
be an homogeneous region of about 12 horizons size, and 
that the kinetic term of the scalar field should be zero. 

Our results shows that the conclusions of Ref. [l| are 
rather robust and they are in accordance with other 
ressults Q. Note that we have already assumed a spe- 
cial symmetry for the fields, which is spherical symmetry. 
It is expected that in the general case, without impos- 
ing any symmetry at all from the beginning, the situa- 
tion may become worst, although no calculation has been 
done in this framework. Hence our results, together with 
the results of other works 0, [B[ , indicates that inflation is 
not sufficient to solve the homogeneity problem: a theory 
of initial conditions is imperative in order to solve this 
deep issue of cosmology. 



In the framework of an inhomogeneous spherically 
symmetric geometry and massive non self-interacting 
scalar field, we have shown that in order to obtain enough 
inflation to solve some of the problems of the standard 
cosmological model, one needs a homogeneous region 
with at least 11.83 horizons. This result was obtained 
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